A mixture of superconducting and superfluid nuclear liquids of protons coupled to ultrarelativistic electron gas, and neutrons is considered. In the magnetohydrodynamic (MHD) approximation, the energy-momentum (stress) tensor is derived, and dependence on the nucleon velocity lag is given in the explicit form. The explicit form is useful for consideration of basic magnetic properties of superconducting lower-dimensional nuclear lattices. Forces acting on a single rigidly fixed slab immersed in uniform magnetic field are evaluated by the order of magnitude. It is shown that the coexistence of the magnetic field, and of a superfluid counterflow of nucleons leads to appearance of a volume-distributed neutron magnetic force and the surface force that originate from the entrainment. The resulting entrainment force in a one-dimensional lattice is studied. Links between the entrainment force and the magnetar starquake triggering mechanism, and some open problems are discussed.
Introduction. Neutron star, essentially a giant cosmic atom with the mass number ∼ 10 57 , represents a unique cosmic laboratory of dense matter. At depths more than about 1 km, the stellar material is a uniform nuclear matter, with density of the order of that inside a usual atomic nucleus. The phase transition between the ion lattice with dripped neutrons and the uniform nuclear matter realised in a stratified interior of neutron stars at the crust-core boundary, remains a rather unexplored problem, but a robust prediction is the existence of lower-dimensional lattices in the density range around ∼ 0.08 fm −3 [1] . The magnetic properties of these lattices are expected to be important observationally, and therefore, require better understanding.
The MHD in uniform superfluid mixtures is crucial for interpretation of many phenomena related to neutron stars [2] . Observations of soft gamma repeaters and anomalous X-ray pulsars provide clues for investigation of the internal nuclear structure of neutron stars, while precise modelling of stellar properties (for example, see [3] ) requires a systematic account of theoretical uncertainties. Equations of motion for the mixtures with entrainment composed of two kinds of particles of almost equal masses m p and m n , with m ≡ m p ≈ m n , have been formulated by Mendell [4] . As a result of neglect of the nucleon mass difference, there is a systematic error in solutions of the equations of motion. The error is of the order of µ e /m α c 2 ∼ 10%, where µ e is the electron chemical potential, c is the speed of light and m α is the nucleon rest mass (α = p for protons and n for neutrons). This approximation may be removed for various electron many-body regimes using the linear response theory [5] . While the relativistic contributions to the total mass density provide only rather small quantitative corrections, the nucleon-nucleon interactions provide qualitatively new effects such as magnetization of neutron vortices [6] , the mode mixing and the avoided crossing [5, 7] . In order to study basic physics behind the superconducting mixtures it is reasonable to neglect the relativistic corrections and focus on the effects of nuclear interactions.
In this Letter, using the hydrodynamics of superconductingsuperfluid strongly interacting non-relativistic uniform mixtures we obtain explicit expressions for the energy-momentum stress tensor, with a contribution to the total force that depends on the superfluid momentum lag, and with corrections due to deviation of the entrainment density from a bilinear dependence on the nucleon densities. For convenience, gradient of this contribution is termed entrainment force, which consists of volume and surface contributions: density of the neutron magnetic force, and surface contributions from both nucleon species. The entrainment force may exist without the magnetic field, for example due to pinning of neutron superfluid vortices, however, here the problem is focused on a different situation. We study the importance of the entrainment force when the superfluid momentum lag is perturbed, at the scales below the length scale of the magnetic field penetration (effects due to the London field in the bulk are expected to be minor).
Effective penetration is possible in pasta phases, where the superconducting matter is distributed within lower dimensional lattices. Here, we develop a toy model of the lasagna phase, where the lattice is one-dimensional. Superconductivity of pasta is expected to lead to various observable consequences, for example, the evolution of the magnetic field would be changed by the magnetic flux frozen into multiplyconnected superconducting structure, that naturally occurs in warm pasta phases. Another problem regards electromagnetic stresses in the crust and generation of starquakes. Earlier works have considered changes of the magnetic field leading to crustal stresses [3, 9] . The present work investigates a different viewpoint: the nucleon velocity lag is perturbed, while the magnetic field does not change. Neutron stars experience the electromagnetic breaking of the crust with the magnetic field, while the superfluid rotation is almost not perturbed, because the superfluid vorticity is pinned; therefore a perturbation of the superfluid momentum lag m p w slowly increases with time. In an ideal lattice with stratification in the direction perpendicularly to the slabs the effective penetration of the magnetic field is expected to be larger than the London penetration depth in uniform nuclear matter, and a significant number of slabs may be penetrated by the magnetic field. We estimate the total force acting on a single slab of nuclear matter, and assuming there is no tunneling of protons between the slabs, we supply order of magnitude estimates for the entrainment force in dense matter, where pasta is expected to exist, assuming that the superfluid velocity lag perturbation is of the order of w ∼ 1 cm s −1 . In this way, the theoretical approach to modelling of the magnetar seismology [9] is extended in order to retain a non-zero superfluid momentum lag m p w.
Momentum equations in a mixture of ideal fluids. For an ideal fluid with the momentum per particle P, the Euler equation has the form (∂ t + v · ∇)P = F. Here, v is the corresponding fluid velocity, F is the force per particle of the fluid, which corresponds to the standard interpretation of the Euler equation given, for instance in [10] , where a single fluid case was considered, and the momentum (per particle mass) P/m and velocity v were not distinguished. In a mixture, each fluid is labeled by index α and characterised by velocity v α . The momentum per particle is
where 2φ α is the superfluid phase of the order parameter of the paired nucleons. In dynamics of a particular fluid, the other fluids are self-consistent external fields. The influence of the fields is defined by the interaction energy of the particular fluid with the other fluids, which results in nonlinear coupling of the hydrodynamic equations describing the fluids in a mixture. The Euler equation is still valid for any fluid in the mixture (the fluid components are labeled by the index α),
where P α = {p p , p n } in a neutral mixture, or P α = {π p , p n } in a superconducting-superfluid uniform nuclear matter, with
being the proton gauge-invariant momentum per particle, e the proton charge, and A the vector potential. The force per particle F α includes all relevant interactions of the fluid α with other fields and fluids. Ignoring the electron momentum, the total fluid momentum P tot is
where n α is the number density of the fluid α. The total force density acting on a fluid element of a mixture is
where F e is the electron force per particle. The total energy and action. In an ideal fluid, the lowenergy excitations can be described by the canonically conjugated variables -the phase φ α and the number density n α [11] . The number current J α = n α v α is defined as
Here, H matt tot = H matt tot (n α , P α , A 0 , A) is the total energy density of matter,
The static energy density E nuc st is calculated from the equation of state of nuclear matter. Macroscopic velocities of the nuclear fluids in realistic conditions are nonrelativistic, and therefore the kinetic energy density (defined as the contribution to the total energy that depends on the momentum variables) is a quadratic form of the momenta:
Using Eqs. (6) and (8) one finds:
with n αα = n α − n np . The entrainment number density is
where f np 1 is the Landau parameter and k Fα is the nucleon Fermi wavenumber [12] .
The energy density of the ultrarelativistic degenerate electrons is E e = µ 4 e /4π 2 (hc) 3 , and µ e =hc(3π 2 n e ) 1/3 is the ultrarelativistic electron chemical potential with n e being the electron number density. Contribution of the electrons in electromagnetic field to the total energy is given by E e Coul = −en e Φ + e c J e · A, where −eJ e is the electronic current. The proton contribution to electromagnetic interactions comes from E p Coul = en p Φ, and from the kinetic energy density. Here, (A 0 , A) is the electromagnetic four-potential with A 0 = cΦ.
where
The superfluid equations of motion. The equations of motion are obtained from Eq. (12) by the variational method, see e. g. [13] . The Euler-Lagrange equations for the fields n α and φ α are
Equations (14) are well-known in the context of superconducting mixtures with entrainment [4, [14] [15] [16] . The total chemical potentials defined as
can be easily calculated using Eqs. (7) and (8):
are the chemical potentials in the absence of flows and without the rest mass contribution, and
Here, the gravitational potential is not explicitly included in the equations of motion, however, a generalization is straightforward. The explicit form of chemical potentials in Eqs. (16) and (17) is well-known in the context of superfluid mixtures with entrainment [4, 14, 17] . The equations for the nucleon momenta are obtained by application of ∇ to both sides of Eq.
,
or equivalently, using
is the electric field and B = ∇ × A is the magnetic induction. The forces defined in Eqs. (22) and (23) can be interpreted as following. The first terms are the usual thermodynamic contributions; the second and third terms in F p are the Lorentz force; the fourth term in F p and the third term in F n are the surface forces due to the entrainment; the second term in F n contains the neutron magnetic force density −(e/c)(∂ n np /∂ n n )w × B. The nuclear interaction corrections are given by the functions
In the mean field models of nuclear matter one usually assumes θ α = 0 [5] . Variation of S with respect to the four-vector potential (A 0 , A) leads to Maxwell equations
where eJ tot = eJ p − eJ e is the total electric current. The superconducting contribution is J p . The error due to the Newtonian limit of the Maxwell equations is expected to be negligible for conditions relevant to neutron star modelling [15, 18, 19] .
Using the Coulomb gauge for the vector potential, ∇ · A = 0, from Eq. (26) one obtains the Poisson equation
The electron density in the Poisson equation can be excluded with the help of the linear response theory [5] . Furthermore, neglecting ∂ t A in the definition of E and using the expression for Φ obtained from the Poisson equation, allows to exclude the electric field from Eq. (22) (the electric neutrality is maintained at long wavelengths). Finally, neglecting the displacement current in Eq. (25) leads to the equation for B in terms of the fluid variables, and thus the set of Eqs. (13), (21) and (25) is closed. Energy-momentum tensor and comparison with earlier work. We consider the incompressible approximation, ∇ · J α = 0. The electron force per particle is
The total momentum conservation reads
with (i, k = 1, 2, 3). From the Euler equations, Eq. (21), and the definition Eq. (29), we find
Using Eqs. (5), (22) , (23), (25) , (28) and neglecting the displacement current, we find the momentum flux tensor in uniform mixture
where ρ * np = mn np − mn p θ p − mn n θ n . The quantity p = p(n p , n n ) is the pressure defined in the absence of flows and the magnetic field:
In the present approach, the momentum dependence of the equations of motion, Eq. (21) is explicit. This form of equations is especially convenient for problems that involve a momentum lag that generates a force density. Equation (31) is equivalent to the stress tensor found in [15] , where it was found for the first time; the contribution that depends on the velocity lag was implicitly included into the quantity P = −E in + n p µ tot p + n n µ tot n + n e µ e . Noting that P = P(n α , w 2 ), one observes that P is a function of the vector potential A, and therefore the pressure contribution to the force ∇P may depend on the magnetic field. Moreover, if the relativistic contributions to the total mass density are retained [8] , it is straightforward to find that, in fact, P = P(n α , π 2 p , p 2 n , w 2 ).
Equations describing the superfluid mixture in the core of neutron stars were studied in the framework of the convective variational approach in [20] [21] [22] . The equivalence between the convective and potential variational approaches is well-known [20] . The explicit expression for the scalar quantity µ X (which was denoted µ ACP X in [14] ) is
where the subscripts {X,Y } correspond to {α, β }, and α XY = −(m/2)n np n p n n / detn αβ . This quantity is sometimes referred to as the chemical potential, however, it possess an implicit dependence on the velocity lag, as shows Eq. (33). Using µ ACP X , and forgetting for a moment about the temperature gradient and the mutual friction forces, equations (176) and (177) in [22] can be cast to the form ∂ ∂t
where ε X = 2α np /mn X . The gradient term in Eq. (34) (20) . Note that the quantity µ ACP X defined also in equation (28) in [23] depends both on the nucleon densities and on velocities of macroscopic flows, while usually thermodynamic variables are defined in the absence of flows, as in Eq. (18) .
A single slab in uniform magnetic field. We first consider a single infinite slab at zero temperature, parallel to x − y plane and located (rigidly fixed) between the planes z = ±r N . The slab is then immersed into a uniform magnetic field B 0 = B 0x , wherex is the unit vector along x axis. For a single fixed slab one can use the hydrodynamic equations derived above, with one dimension being "frozen" for the proton motion. Thickness of the slab 2r N is much smaller than the coherence length and the London penetration depth in the uniform matter (∼ 30 fm and ∼ 80 fm correspondingly [6] ), thus the magnetic field is approximately uniform inside a single slab. While the superfluid phase is strictly a two-dimensional function inside the superconducting domain, the vector potential conserves the microscopic character, and has to be distinguished at the boundaries of the slab. In equilibrium, the vector potential inside the slab is A 0 ≈ −ŷB 0 z. The unperturbed superfluid gauge-invariant momentum lag reads
or w 0 (z) = (e/mc)ŷB 0 z. The nucleon densities are approximated as following:
37) where θ (z) is the Heaviside function, n α0 are nucleon densities inside the slab, and n o n0 is the density of neutron matter outside the slab.
A perturbation of the superfluid momentum lag with a uniform spatial distribution
is imposed on top of the background nucleon densities, phase gradients p α0 , and the vector potential A 0 . We assume that the superconducting current is not perturbed,
Linearizing the total force density to the first order in δ w = yδ w, assuming θ α = 0, using Eqs. (5), (22), (23), and (36)-(39), and integrating, we obtain the total force acting on 1 cm 2 of a single slab:
where r c is the radius of the unit cell in the lattice, and n np0 corresponds to the nuclear density inside the slab. It is interesting to note that the three terms integrated in Eq. (40) can be viewed as the nucleon surface terms ∝ δ (z ± r N ), and the volume term solely due to neutrons (the last term). Astrophysical application. We generalize the consideration of a single slab and assume that a single-dimensional array of slabs is immersed in a parallel magnetic field. The slabs are supposed to exist in the bottom layers of the inner crust, in the liquid-crystalline mantle. The state of lasagna is likely a liquid-crystal matter, polycrystalline analogously to the inner crust [24] , moreover, length of the slabs is influenced by the Landau-Peierls instability [25] , and presumably, depends on the magnetic field.
We assume that in the ground state of the pasta, stratification is along z axis and the slabs are parallel to x − y plane. The stratification leads to increase of the effective penetration depth of the magnetic field, and in order to simplify the estimates, we assume a uniform B = B 0 localized in the plane perpendicular to z axis and lying between z = −d/2 and z = d/2 planes.
Since the main interest is to evaluate a possible magnitude of the entrainment force, rather than motion of the structure around the equilibrium position, the lattice is assumed to be rigidly fixed and at rest. In this case, the number current density can be written as J p =n pp π p +n np p n and J n =n nn p n + n np π p , where the tensorsn αβ represent the superconducting density in anisotropic media. In one-dimensional lattice of nuclei, with the slabs parallel to x − y plane, the proton current is J p = n ⊥ pp π p zẑ + n pp (π p xx + π p yŷ ) + n ⊥ np p nzẑ + n np (p nxx + p nyŷ ). The absence of tunneling implies that n ⊥ pp = n ⊥ np = 0. Using this condition, it is straightforward to find an averaged equation for the magnetic field in stratified pasta, which follows from Eqs. (3) and (25):
where n || pp (z) is averaged slow function that changes on scales much longer than the one-dimensional unit cell size in lasagna due to stratification, and n || pp = ν(n p − n np ), where ν is the volume fraction of the superconducting phase in the unit cell of pasta.
The equilibrium value of the proton superfluid phase p p0 is by initial conditions chosen at each sheet in order to cancel the contribution from A 0 : w 0 (x, y, z s ) = p p0 (z s )/m − (e/mc)A 0 (z s ) − p n0 /m, where z s is the position of the middle of a slab. The equilibrium momentum lag is zero in the middle of each slab,
In order to provide the necessary phase winding that cancels the contribution to the proton current density from A 0 (z) in the middle of each slab, one may introduce phase singularities into the voids between the slabs, therefore
where |κ| = (h/m)Z v (r v ), with κ being directed along the line of the proton phase singularity at the spatial point r v , and Z v (r v ) = 1, 2, ... is the quantum number of the topological defect at r v . The delta functions disappear in the resulting total force, because the quantity n n (∂ n np /∂ n n ) is strongly suppressed between the lasagna slabs. The generation mechanism for the proton phase singularities between the slabs is not important for the present work. Before a starquake, the fluid element is in equilibrium and does not move along z, according to the initial assumption that the structure is fixed. By virtue of continuity of stress at the crust-lasagna boundary, the entrainment force exerts an external elastic stress on the crust, σ ex i j , which consists of a single nonzero zz component, σ ex zz = (δ F 1cm 2 ×d n ) z . The stress balance in the solid crust reads:
where p is the pressure, σ ex i j is the external stress, µ eff is the effective shear modulus of polycrystalline solid at the bottom of the inner crust with spherical nuclei, and M i j is the Maxwell stress tensor. Thus, the induced strain u i j due to the perturbation δ w is
In order to estimate (δ F 1cm 2 ×d n ) z , we assume that the baryon density inside the slab is 0.16 fm −3 , and thus, n np ∼ −3.692 × 10 −3 fm −3 [5] . Typical slab width is 2r N ∼ 10 fm and separation is 2r c ∼ 20 fm [26] (see [27] for a recent review). The perturbation of the velocity lag v p − v n which is assumed to be ∼ 1 cm s −1 in typical conditions, around its' equilibrium zero value, is related to δ w: v p − v n = (n p n n ) −1 (det n αβ )δ w, and one finds v p − v n = 1.501δ w. The total force acting on a 1cm 2 
where d is the penetration depth along z of the magnetic field that is parallel to the slab surface. This estimate is easy to understand because the contribution from a single slab, Eq. (40) [3] . For µ eff = 0.3778 n N Z 2 e 2 2a
[24], we use the parameters at baryon density 7.943 × 10 −2 [28] : n N = 1.750 × 10 −4 fm −3 , Z = 17.23, a = (3/4πn N ) 1/3 = 11.09 fm, and using Eq. (45) we find that the crust yields when δ F 
For u max ∼ 0.1 [29] , typical entrainment force estimated in Eq. (46), is a few times larger than the critical stress that breaks the crust. In the present model with typical magnetic field 10 14 G, the assumption that the Lorentz force can be ignored in the stress balance equation is in agreement with the prediction of [3] that the crust breaking, with the critical strain u max ∼ 0.1 [29] , occurs at 2.4 × 10 15 G.
The precise x-ray burst mechanism in magnetars is an open question [30, 31] . If the bursts are generated by starquakes, it seems possible that the entrainment force is capable to explain triggering of starquakes. An important problem for future study is characterization of structure of the nuclear matter inside neutron stars, in particular, determination of stratified superconducting and superfluid density profiles, sizes of the crystalline domains and thermal excitations, transport properties, and better understanding of elasticity and of the effective polycrystalline elasticity of the pasta phase.
